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1. Examples  of the s e l f - e x c i t a t i o n  of a magne t i c  field [1-6] a r e  of i n t e r e s t  to h y d r o m a g n e t i c  d y n a m o  
theo ry .  In the he l i ca l  mode l  of a d y n a m o  the field is exci ted by d iscont inuous  a x i s y m m e t r i c  mot ion  [5, 6]. The 
c a s e  in which the a x i s y m m e t r i c  mo t ion  m a y  be cont inuous  is d i s c u s s e d  below. 

The t r ans i t i on  to cont inuous  mot ion  is a c c o m p a n i e d  by the e m e r g e n c e  of a l a r g e  n u m b e r  of solut ions  of 
the d y n a m o  p r o b l e m  which i n c r e a s e  in t ime ;  

The induct ion equat ion ( for  a m e d i u m  with a magne t i c  v i s c o s i t y  equal to unity) is 

OH~Or = rot [ U •  + AH, (i.!) 
w h e r e  the ve loc i t y  U is given,  

v ,  (r). 
Le t  the v e l o c i t y  componen t s  in the c y l i n d r i c a l  coo rd ina t e s  r ,  (p, and z be U r = O, Ucp = r w , ( r ) ,  and U z = 
A s s u m i n g  the field to be p r o p o r t i o n a l  to exp (ira ~o + ikz + pt), we obtain f r o m  (1.1) 

(1.2) 
2 1/2ir3 (H+ + H_)  Do). (rDrD - -  m s - -  1 :~ 2m - -  r q . )  H:t: = -~ 

q2. = s~ + i~ , ,  s ~ =  p + k ~, ~ ,  = mco, + kv , )  (D ---- d/dr, 

fo r  the quant i t ies  H+ = Hr+iH~0.  

The quant i t ies  
H•  DH•  -4- 1/2ico,(H + + H_) (1.3) 

should be cont inuous  [5] on the d i scon t inu i ty  s u r f a c e  of the v e l o c i t y  or its de r iva t ive .  

The so lu t ions  of the p r o b l e m  (1.2) and (1.3) should be cont inuous  and van ish  as  r--*:o.  A field is gen-  
e r a t ed  if an e igenva lue  p with a pos i t i ve  i n c r e m e n t  T = R e p e x i s t s .  Genera t ion  is i m p o s s i b l e  if one of the 
p a r a m e t e r s  m, k, o r  v,  is equal  to z e r o  [2, 7]. 

Le t  us a s s u m e  tha t  in s o m e  r a n g e  of va lues  of r 
co, = co + Qlr ~, v ,  = v + VIr2,: (1.4) 

w h e r e  w, 12, v,  and V a r e  cons t an t s .  We s e t  
iz:= mco + k v ,  M =  ra~ + kV ,  q2= s 2 + i~, (1.5) 

N = (mS+ ~ra~)tn([ arg NI <Va~) .  

Then  one can  r e p r e s e n t  the so lu t ion  of (1.2) in the f o r m  
27 - ra (1.6) 

H •  = A~:[+ -+- B~:K• - -  ~ (AzI~: + BT_K~:), 

w h e r e  A•  and B• a r e  cons tan t s  and I+ and K~: a r e  the modif ied  B e s s e l  functions of a r g u m e n t  q r  with indices  

,~+ = (i + m 2 -~ ~M :t: 2N) in �9 (1.7) 

Le t  us c o n s i d e r  the c a s e  in which only the cons tan t s  w and v in (1.4) and (1.5) a r e  d i f f e ren t  f r o m  z e r o  for  
r < l  and only 12 and V a r e  d i f fe ren t  f r o m  z e r o  for  r > l .  Taking Be  = 0 for  r <1 and A e  = 0 for  r > l  in (1.6), one 
can  d e r i v e  f r o m  (1.3) the d i s p e r s i o n  r e l a t i o n  

_ _  _ _  i t1  -2  r n  2 -4- N 2 . .- 2i(co •)(]_ - f f k - ) = k ~ - - - k ~ - - f - ] + . - - ]  2- 2k+]+ + ~ ~_I_ (1.8) 

( ' ) qI+ (q) ql'_ (q) oK+ (s) oK'_ (s) I arg s I < u/2 
] •  I (q)' k•  K§ K (s~' ~ 

This r e l a t i o n  has been  inves t iga ted  in [5] fo r  ~2 = V = 0 and l a r g e  w, q, and s .  The c a s e  in which ~2 and V 
m a y  a l so  be l a r g e  is d i s c u s s e d  below.  

2. We wil l  s impl i fy  (1.8) by a s s u m i n g  q and s to be l a rge .  The va lues  of the quant i t ies  
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]+ = 2~ 1- = 2rn/q (Iql >> "~, ]arg q] <I /an)  (2.1) 

a r e  obtained f r o m  the asympto tes  [5, 8] of the functions I• with fixed indices m ~  1. 

It is n e c e s s a r y  for  the de te rmina t ion  of k~ to use  the a sympto te  of Kv(s) with a r b i t r a r y  values  of P/s, 
s ince  the indices  (1.7) i nc r ea s e  without l imi t  as [2 and V inc rea se .  

One can de r ive  the n e c e s s a r y  a sympto te  f r o m  the equation [8] 

Kv (s)  ----- ' / ,  ~ e x p  (vt  - -  $ c h  t) dt ([ arg s I < z / a n )  (2 .2 )  
D ~  

by the method of s t e e p e s t  descent .  

We denote a r g  y = ~. Since K v is an even function of ~, i t  is poss ib le  to a s s u m e  ]~l ~ x/an. I t  is suff i-  
c ient  to cons ider  the c a s e  $-> 0, s ince  a complex-con juga te  value of the function (2.2) is obtained upon the 
r e p l a c e m e n t  of v and s by their  complex-con juga te  va lues .  

Fo r  0 < ,  < ~/,n the contour  of s t e e p e s t  descen t  can  pas.s through the saddle points 

�9 t+  = m12 -4- (~ + tp) (~ >i O, sh t• ffi ~ls, I/a: >i p ~ O) 

with contr ibut ions to the in tegra l  (2 .2)which a r e  equal in abso lu te  value.  

The values of the quantity 

= s ' / v '  = peiO ( - - n  - -  2~b .~< 0 < n - -  2~b) 

for  which these  two conditions a r e  sa t i s f ied  l ie  on the line of z e r o s  [8] of the function (2.2). 

The conlr ibut ions of the points t~ a r e  given by the expres s ions  

(2.3) 

Vl = (v / i )  (ha ('l + ,3) - -  I/,, i n  ~ - -  8 - -  ' /a~ i )  - -  11,~, 

in which all  the r ad i ca l s  and logar i thms  a r e  pos i t ive  for  pos i t ive  values  of v and ~. It is a s sumed  that  

~81 >> i ,  Iv,~81 >> t. (2.4) 
The contr ibut ions of (2.3) a r e  equal in absolu te  value if Im ~ = 0. The solution r(0) of this equation in the 

reg ion  r -< 1 and -2 r  - ~ 0 _  < - -~cor re sponds  to the line of z e r o s  r .  The l imi t ing  e x p r e s s i o n s  of the line a r e  

arg 8 = 1/a(~/2 - -  ~) (]8] << I), (2.5) 

p = 4 e x p  [ ( 0 + n )  t g , - - 2 ]  (p<<i) .  

For  r = l ~  the line r is the segment  -1- - -  } - 0 .  The function (2.2) does not have ze ros  [8] on the 
p lane  o u t s i d e r .  Near  and on 1 ~ the in tegra l  (2.2) is a sympto t i ca l l y  equal to the sum of the contr ibutions (2.3), 
and far  f rom i t -  to the l a r g e s t  of the contr ibut ions .  

We note that  ~ •  a r e  the values  of one and the s a m e  function on d i f ferent  s ides of r ;  ~ is obtained f r o m  
~t+ by going c lockwise  around the point } = - 1 .  

I t  follows f r o m  (2.3) that  
eK~ (8) _ ( i tg ~l 

= - - v S l  i (2.6) 
K v (~) 

where  the upper  fac tor  is taken nea r  and on r and the lower  one is taken far  f r o m  it. 
n e c e s s a r y  to mul t ip ly  i by a = sgn r in (2.3) and (2.6). 

According  to (2.6), outside the lines of z e r o s  r~. of the functions K 4 .  

= - , , +  ( V  ( ,  = , ' / , , L  - -  , , - / , , + ) .  

Near r _  the second r ad i ca l  in (2.7) is r ep l aced  by ice6 tan 7, where  now 

8 =:l/z~8 a ~- if o = sgn Im (v+~), 

.~=--~--  In l - l - 8 ) ' t l n  ~-2----8 - i~e - -  
2 83 4 

In an analogous replacement of the f i r s t  radical  E = 1. Substitution of (2.1) and (2.7) into (1.8) gives 

In the c a s e  ~<0  it is 

(2.7) 

(2.8) 
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+ z, (v"5, + 1/7-  -(r 
+ E v T, ( r - V ; -4 - :  

). (2.9) mS = im(oa_~)_____a _.~ q~2, E------ 

I t  is  shown be low tha t  no m o r e  than  one e i g e n v a l u e  s a t i s f i e s  Eq ,  (2.9).  One can  c a l l  th is  v a l u e  i s o l a t e d .  
I t  e x i s t s  only  fo r  l a r g e  a and is c h a r a c t e r i s t i c  of d i s c o n t i n u o u s  mo t ion .  As  a d e c r e a s e s ,  i t  v a n i s h e s ,  w i t h d r a w -  
ing  into  a b r a n c h  cu t  of the  z p l a n e  or  b e c o m i n g  n o n i s o l a t e d ,  a p p r o a c h i n g  one of the  l ines  r~ : .  

N o n i s o l a t e d  e i g e n v a l u e s  e x i s t  for  s m a l l  a .  They  a r e  l o c a t e d  n e a r  F •  The d i s t a n c e  b e t w e e n  a d j a c e n t  
va lue s  of z d e c r e a s e s  wi thou t  bound as  the  v e l o c i t i e s  i n c r e a s e .  The  i n c r e m e n t s  of t h e s e  v a l u e s  e a n b e  p o s i t i v e  
if  :arg V• > */,~; a c c o r d i n g  to (1.7),  th is  c o n d i t i o n  c a n  be s a t i s f i e d  only for  v_. 

3. F i r s t  we wi l l  c o n s i d e r  the  c a s e  p = M = 0. A s s u m i n g  ~2 to be  l a r g e ,  we a d o p t  

e = - - i  sgn D, ]v+] >) m, arg v+ ~. */s~ sgn D (3.1) 

in (2 .7 ) - (2 .9) .  

N e g l e c t i n g  the  s e c o n d  f r a c t i o n  in (2.9),  we ob ta in  

2a = ( 2 V z - -  yz  + ( - -  " V ~ ) - * .  (3.2) 

This  equa t ion  is  s o l v a b l e  in r a d i c a l s ,  s i n c e  i t  is  r e d u c e d  to  a cub ic  equa t ion  by  the s u b s t i t u t i o n  

Vz  • l Z ( i l y  . 

I t  is  s i m p l e r  to  ob ta in  the  p a r t i c u l a r  v a l u e s  z(a) d i r e c t l y  f r o m  (3.2). 

Wi th  A = l a l>> l ,  

'~21s _ ~  , ( i l 

fo l lows  f r o m  (3.2).  One c a n  v e r i f y  wi th  the  he lp  of (2.9) t ha t  (3.3) is  va l id  for  s m a l l  ~2 ( i t  has  been  found e a r l i e r  
[5] for  ~2 = 0). The  v a l u e s  of ~ and M m a y  a l s o  t u rn  out  to d i f f e r  f r o m  z e r o .  

The  d e t e r m i n a t i o n  of z fo r  l a r g e  ~2 is f a c i l i t a t e d  by the f a c t  t ha t  d = a r g  a v a r i e s  w e a k l y .  F o r  e x a m p l e ,  

= */~ - -  a/s~ sgn P. (l) < (o, r > 0). (3.4) 

L e t  us f ind the  v a l u e  of a for  which  z > 0. We have  f r o m  (3.2) 

2a = (2" l / z - -Vz  + I - - i V i  - -  z) -~ (0 ~ z ~< t). 

F r o m  this  i t  fo l lows  t ha t  

A -~ = 23/2('[/z + t - -  "l/z~, tg ~ = 1 / t  - -  z/(2"p~ -- "Vz -k 1). 

U s i n g  (3.4) when  ~ > 0, we ob ta in  z ~ 0.9 and A = A 0 ~ 0.8.  F o r  ~ < 0 and z < 0 the  r e s u l t  is  

A - z =  2 V 2 ( V t  - z - V ~  tg9  ___(2V-~z - V l  - z ) /V t  + z ( - i  .~< z <-~ 0). 

Thus i t  fo l lows  f r o m  (3.4) tha t  z ~ - 0 . 1  and A ~ 0.5. 

The  p a r t i c u l a r  v a l u e s  of z found a r e  u sed  for  the  q u a l i t a t i v e  p lo t t ing  of g r a p h s  of z(~2). The  l i n e s  of 
z e r o s  F•  and the b r a n c h  c u t  of the  z p l a n e  a r e  shown? in F i g .  I for  l a r g e  ~2< 0; p lo t s  of z(~) a s  tP-I i n c r e a s e s  
f r o m  z e r o  a r e  shown by a s o l i d  c u r v e  for  the c a s e  w = c o n s t > > l  and by  a do t ted  l ine  for  the  c a s e  w - ~ = 
c o n s t > > l .  S i m i l a r  c u r v e s  a r e  shown in F ig .  2 for  ~ >0 .  

A c c o r d i n g  to (2.5) and (3.1),  lzt ~ 0.25 and Izl ~ 0.001 a t  the  i n t e r s e c t i o n  po in t s  of the  l i ne s  of z e r o s  wi th  
the  b r a n c h  cut .  

I t  is  ev iden t  in F i g .  1 t ha t  in the s e c o n d  c a s e  an  i s o l a t e d  e i g e n v a l u e  c e a s e s  to  e x i s t ,  w i t h d r a w i n g  into the  
b r a n c h  cu t ;  then  I zJ ~ 0.1 and A ~ 0.4.  

I t  is  e v i d e n t  in F ig .  2 t ha t  in both c a s e s  when A is s o m e w h a t  l e s s  than  A 0 the  e i g e n v a l u e  a p p r o a c h e s  r _  
and then  r e m a i n s  t h e r e ,  d i f f e r i n g  not  a t  a l l  f r o m  the o t h e r  e i g e n v a l u e s  nea r  F _ .  In the  f i r s t  c a s e  a new i s o -  
l a t ed  e i g e n v a l u e  a r i s e s  which  e m e r g e s  f r o m  the  b r a n c h  cu t ;  t hen  12 > w, and the v a l u e s  l z l  ~ 0~1 and A ~  0.4 
a r e  equa l  to t h o s e  found for  ~2 <0 .  

~The g e n e r a l l y  adop t ed  c o o r d i n a t e  s y s t e m  is u s e d :  The r e a l  and i m a g i n a r y  a x e s  p a s s  t h rough  z e r o  h o r i z o n t a l l y  
to the  r i g h t  and v e r t i c a l l y  u p w a r d .  
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4. As [~2[ i n c r e a s e s ,  nonisolated eigenvalues e m e r g e  f r o m  the branch cut and draw aPar t  f r o m  it,  
r e m a i n i n g  near  the l ines of z e ro s ,  

We will  r e s t r i c t  ourse lves  to cons idera t ion  of the eigenvalues near  r ,  s ince  the i nc remen t  is pos i t ive  
only for them.  Making the r e p l a c e m e n t  (2.7) with (3.1) taken into account ,  we obtain f r o m  (2.9) 

,,V74--i + ~,VT- '/,gT4-~- ,~(V-~VF4-~ + ~) 
t 

tg ~1 = 6 1 / ; V ~  + �9 + '14 + a'l/q" 

F o r  sma l l  ~ we find 

(6 = 1 / t  - -  z, TI = v+ [ in (t  -k  6) - -  ~/2 In z - - 6  ] - -  V 4 a ) .  

~ ( n  - -  l&)  = '1 = ~/8 v+63  - ~ /4~ (161 << 1 ,  n = 1 ,  2 , . . . )  

(4 .1)  

f r o m  (4.1). Thence 

6 = [3~i (n -- '/4) (sgn Im ~,)/~-] '`8, 

follows f r o m  (3.1), (2.7), and (1.2). 

(4.2) 

p ---- -- k ~ -- v ~  -4- v !  6 2 
(4.3) 

It  is evident f r o m  (4.2), (4.1), and (2.6) that  the eigenvalues coincide with the ze ros  of K_ in the approx i -  
mation: (4.2). One can explain this coincidence as follows. 

The lef t -  and r ight-hand sides of (1.8) differ  by s o m e  finite va lue  i f  the de r iva t ive  K V / K  is equal to zero .  
It  is evident  f r o m  (2.6) that  this de r iva t ive  is s m a l l  e v e r y w h e r e  when ~ is sma l l  except  for  a sma l l  ne ighbor-  
hood of the z e r o s  of K_. The de r iva t ive  takes on any value in the neighborhood of each zero ,  including the 
va lue  for  which (1.8) is sa t i s f ied .  

The inequali t ies (2.4) and (4.2) a r e  sa t i s f ied  for  (4.3) if [v_lu8 >> nU8 >> 1. When these conditions a r e  
viola ted,  the deviat ion f r o m  the value de te rmined  f r o m  (4.3) can  be of the order  of the d is tance  to the ne ighbor-  
ing value.  

In the case  n ~  Iv_[ one can subs t i tu te  the value of z de te rmIned  f r o m  the f i r s t  of Eqs.  (4.1)into the r i g h t -  
hand side of (4.1). 

In the c a s e  n ~  1 it is n e c e s s a r y  [8] to use  Nicholson 's  approx ima t ion  instead of (2.3). In this approx i -  
mat ion  the equation K = 0 is conver ted  to the f o r m  

J i n  (~) + J - i n  (~) ---- 0(~ = 1/8v+68 ). 

Equation (4.2) is obtained f r o m  the above  with T>>I. The roo t s  T = 2.38 and 5.51 a r e  a l so  c lose  to (4.2) for 
n = 1.2. T h e r e f o r e  (4.3) is valid for  n ~ 1. 

I t w a s  a s sumed  above t ha t#  = M = 0. Equations (4.3) p rove  to be valid in the genera l  c a se  (their d e r i -  
va t ion  f r o m  (2.9) and (2.8) is not a l te red) .  

It  is evident  f r o m  (4.3) and (1.7) that  p does not depend upon tt and that  

p(M)~.  - -k  ~ - v ~ =  p ( O ) - f M  (JnMI a/2 <<]N I ). 
For  M = M, = 2 Im N, the number  p is r e a l ,  and the i n c r e m e n t  

7 = b - - k  2 -  [ 3 n ( n - - 1 / 4 ) b ] 2 / ~  ( b = 2 R e N - - r a  n - t )  

is a m a x i m u m  and posi t ive  for  b > b , ( k ,  n). The c r i t i ca l  va lue  b ,  i nc rea se s  as k and n inc rease .  As [ M -  M,I  
I n c r e a s e s ,  the i n c r e m e n t  drops  off to 7 ~ Rev2-6~< 0 and genera t ion  is cur ta i led .  The i nc remen t  d e c r e a s e s  as 
n i n c r e a s e s .  

The isolated eigenvalue sa t i s f i es  the re la t ionsh ip  
p(~, M) = p(0, M - -  ~) - -  itt. (4.4) 
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This follows f rom the p re se rva t ion  of Eqs.  (2.7) and (2.9) upon the r ep l acemen t  in them of z and v$(M) by z ,  
and ve=(M -p) .  According to (4.4), the general  case  reduces  to the case/a = 0, and the case  p = M reduces  to 
the one investigated above. The value (4.4) may be r e a l  as is the case  for (4.3). 

Smoothing of the veloci t ies  was achieved above by decreas ing  the sizes of their  discontinuit ies.  Another 
smoothing method is the r ep l acemen t  of the discontinuity by a t ransi t ion reg ion  1 < - r -  r 0 in which the v e l o c i t i e s  
(1.4) change continuously f rom constant  values for r -  1 to ze ro  for r_> r 0. One can find the exact  d ispers ion  
re la t ionship  in this case .  One should expect  that both smoothing methods lead to s imi la r  changes in the spec-  
t rum of eigenvalues.  

The example cons idered  shows that smoothing of the veloci t ies  can appreciably a l te r  the spec t rum of the 
dynamo problem.  

The veloci ty  dis tr ibut ion (1.4), for which Eqs.  (1.2) a r e  integrated exact ly,  was considered above. In the 
case  of a r b i t r a r y  veloci t ies  one should use the WKB approximat ion to s ea rch  for the integrals  of (1.2). 

Many boundary-value  problems a r e  p re sen t ly  discussed in this approximat ion with a fou r th -o rde r  equa- 
tion (two second-o rde r  equations). One should note the rev iew by Erokhin and Moiseev [9], in which r e c e n t  
ach ievements  in this d i rec t ion a r e  summar ized .  

1. 
2. 

3. 

4. 

5. 

6. 

7. 
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